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Two-dimensional moire´ superlattices have recently emerged as a fertile ground for creating novel
electronic phases of matter with unprecedented control. Despite intensive efforts, theoretical investi-
gation of correlated moire´ systems has been challenged by the large number of atoms in a superlattice
unit cell and the inherent difficulty of treating electron correlation. The physics of correlated moire´
systems is governed by low-energy electrons in a coarse-grained long-wavelength potential, unlike
the singular Coulomb potential of atomically-spaced ions in natural solids. Motivated by the sepa-
ration between moire´ and atomic length scales, in this work we apply density functional theory to
study directly the continuum model of interacting electrons in the periodic moire´ potential. Using
this quantitatively accurate method, we predict itinerant spin-valley ferromagnetism in transition
metal dichalchogenide heterobilayers, which originates from the constructive interplay between moire´
potential and Coulomb interaction in a two-dimensional electron system.
Recent experiments on twisted bilayer graphene
(TBG) [1–12], graphene-hBN heterostructures [13–16]
and bilayer transition metal dichalcogenides (TMD) [17–
19] uncovered a whole new world of strongly interact-
ing electrons in moire´ superlattices, forming a variety of
correlated states such as unconventional superconductors
and Chern insulators. From the theoretical point of view,
an important task is to develop a systematic and quanti-
tatively accurate method for tackling correlated electron
states in moire´ materials.
Despite the complexity associated with a large moire´
unit cell containing ∼ 10, 000 atoms, the physics of corre-
lated states in semimetal- or semiconductor-based moire´
materials is governed by a small fraction of electrons
(holes) near the conduction (valence) band edge. Here
the revelent length scale far exceeds the interatmoic dis-
tance, which justifies a continuum description based on
effective field theory. A celebrated example is the non-
interacting continuum model for TBG, which leads to the
prediction of flat bands at the magic twist angle [20].
To treat electron interaction within the continuum
theory, the Hartree–Fock (HF) approximation has been
widely employed [21–26]. While it has yielded important
insights on the insulating states in magic-angle graphene,
the HF approximation often produces large errors in the
ground-state energy and overestimate the tendency to-
wards ferromagnetism. Moreover, the HF method is
known to be ill-suited for treating metals, which are in-
herently unstable within this formalism. The lack of a re-
liable theoretical method hinders the study of correlated
metallic states in moire´ materials at generic fillings.
In this work, we introduce a density-functional-theory
(DFT) based method for tackling correlated moire´ states.
Rather than including all the electrons of ∼ 10, 000 atoms
in the moire´ unit cell, we directly target low-energy
electrons/holes under long-wavelength moire´ potential,
which form a two-dimensional Coulomb system described
by the interacting continuum model. Our method com-
bines the conceptual simplicity of continuum theory and
the quantitative accuracy of DFT. It is predictive, effi-
cient and versatile.
Applying this “moire´-DFT” method to TMD heterobi-
layers such as WSe2/WS2, we find that at large moire´ pe-
riod, the ground state in a range of fillings around n = 1.3
holes per unit cell is an itinerant ferromagnet with full
spin-valley polarization. By tracking the ground state en-
ergy as a function of the moire´ potential strength and the
filling, we show that the itinerant ferromagnetism origi-
nates from the constructive interplay between Coulomb
interaction and the periodic moire´ potential, which goes
beyond the scope of single-band Hubbard model.
Our results shed light on a recent optical experiment on
hole-doped WSe2/WS2 suggesting a possible transition
between distinct ground-state magnetic orders around
the filling n = 1.2 [17]. Based on moire´-DFT calcula-
tions, we find the critical twist angle for the onset of itin-
erant ferromagnetism, and propose transport and spec-
troscopic experiments for its detection.
Monolayer TMDs such as WSe2, WS2, MoS2 and
MoSe2 are semiconductors with a direct band gap located
at K and K ′ points of the Brillouin zone. Due to spin-
valley locking, holes at K and K ′ valleys carry opposite
out-of-plane spins denoted by sz =↑, ↓. The energy dis-
persions of holes in the two valleys are identical within
the effective mass approximation. In a TMD heterobi-
layer WSe2/WS2, holes in the WSe2 layer experience a
long-wavelength periodic potential V (r) introduced by
the WS2 layer due to the 4% lattice mismatch. Thus,
the continuum Hamiltonian for hole-doped TMD heter-
obilayers takes the general form
H =
∑
i
(
−∇
2
i
2m
+ V (ri)
)
+
1
2
∑
j 6=i
kee
2
 |ri − rj | , (1)
where m is the effective hole mass (about 0.5me for WSe2
[18, 27, 28]), and ke = 1/(4pi0) is Coulomb constant.
Here me is the electron mass and 0 is the vacuum per-
mittivity. The dielectric constant of the electrostatic en-
vironment  is estimated to be  ∼ 6 when hexagonal
boron nitride is used as the substrate[29].
Since the moire´ potential V (r) is smooth and has the
triangular lattice symmetry, it can be parameterized us-
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2ing the three lowest Fourier components [30]:
V (r) = −2V0
3∑
l=1
cos (Gl · r + φ) , (2)
where Gl =
4pi√
3Lm
(cos 2pil3 , sin
2pil
3 ) are the reciprocal vec-
tors of the moire´ superlattice. The moire´ period Lm in-
creases as the twist angle θ decreases, reaching 8.2 nm
for WSe2/WS2 at θ = 0 (aligned). The values of V0, φ
for various TMD heterobilayers have been obtained from
our all-electron DFT calculation at charge neutrality [31].
For WSe2/WS2, V0 = 15meV and φ ≈ pi/4.
The continuum Hamiltonian defined by (1) and (2) is
the starting point of our study. It is instructive to recast
H in dimensionless form:
H/E0 =
∑
i
(
−∇˜
2
i
2
− v0(r˜)
)
+
1
2
∑
j 6=i
Z
|r˜i − r˜j | , (3)
where we define r˜ ≡ r/Lm and E0 ≡ ~2/(mL2). The
dimensionless parameter v0 ≡ V0/E0 characterizes the
moire´ potential strength relative to the kinetic energy,
while the ratio of moire´ period and the effective Bohr
radius aB = 4pi0~2/(me2) defines the dimensionless
Coulomb interaction parameter Z ≡ Lm/aB . The
ground state thus depends on three dimensionless pa-
rameters: v0, Z, and the filling factor n =
√
3
2 ρL
2
m where
ρ is the hole density. This makes TMD heterobilayers
a highly-tunable two-dimensional hole system. Varying
the moire´ period with the twist angle and the hole den-
sity via gating can span the full range between weak and
strong interaction and between weak and strong poten-
tial, thus promising a plethora of electronic states to be
discovered.
We now apply the Kohn–Sham density functional
theory[32] to the 2D periodic electron system defined by
the continuum Hamiltonian (1). The essence of the DFT
method is to find the ground state total energy E and
spin densities n↑(r), n↓(r) of an interacting system by
solving an auxiliary one-body Schro¨dinger equation:
(
−∇
2
2m
+ V (r) + U([n], r) +
δExc([n↑, n↓])
δnσ(r)
)
ψiσ(r) = iσψiσ(r) and nσ(r) =
∑
i
θ(µ− iσ)|ψiσ(r)|2, (4)
where iσ denotes a complete set of single-particle orbitals
(Kohn-Sham orbitals). Here, in addition to the external
potential, the effective potential includes the Hartree po-
tential U and the spin-dependent potential
δExc([n↑,n↓])
δnσ(r)
.
The former is associated with classical electrostatic en-
ergy of the inhomogeneous charge density
U([n], r) =
e2

∫
dr′
n(r′)
|r− r′| , n(r) = n↑(r) + n↓(r). (5)
The latter depends on the exchange-correlation energy
Exc, which is a functional of spin-dependent density
nσ(r). Since the effective potential itself relies on the
spin density of occupied Kohn–Sham orbitals, we should
solve the above equation iteratively until reaching the
self-consistency.
DFT is exact in principle, but in practice it requires an
approximation to the exchange-correlation energy func-
tional. In this work, we use the local spin density func-
tional (LSD) approximation[32–34]
Exc([n↑, n↓]) =
∫
dr n(r)xc(n↑(r), n↓(r)). (6)
xc(n↑, n↓) is the exchange-correlation energy per par-
ticle in a two-dimensional electron gas with uniform
spin densities n↑, n↓. In the following we use the func-
tion xc obtained by Attaccalite et al from quantum
Monte Carlo simulations [35]. By construction, the LSD
(a) (b)
Γ Γ𝐾𝑀
0
-20
40
	𝐸(meV
)
0 6 12 18
	𝐸 +(me
V)
𝑉-	(meV)
-260
-220
0
40
-40
FIG. 1: (a) Band structure the metallic ground state at
the filling n = 3 for Lm = 8.2 nm, φ = 45
◦, obtained from
DFT calculation at  = 6 (solid line) and non-interacting
continuum model (dashed line). (b) The ground-state energy
per unit cell as a function of potential strength, fitted with a
fourth-order polynomial.
approximation[36–39] is exact for homogeneous systems.
In practice, DFT with the LSD approximation has proven
to be accurate for a wide variety of inhomogeneous sys-
tems: atoms, molecules and natural solids including met-
als and itinerant ferromagnets [40, 41].
We perform DFT calculations under LSD approxima-
tion on the continuum Hamiltonian (1,2) for TMD het-
erobilayer WSe2/WS2, at various charge densities and
moire´ periods Lm. When the charge density is relatively
high, we find that Coulomb interaction renormalizes the
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FIG. 2: The ground-state energy per unit cell of
fully-polarized state, spin-density-wave state, and non-spin-
polarized state as a function of filling, calculated for Lm =
8.2nm, V0 = 15 meV, φ = 45
◦ and  = 6. The inset
shows the energy difference between SDW state and FM state:
∆EG = EG(SDW)− EG(FM).
metallic states at generic fillings without making quali-
tative changes. As an example, Figure 1(a) shows the
DFT band structure for aligned WSe2/WS2 at the filling
of n = 3 holes per moire´ unit cell, corresponding to a hole
density ρ = 5.15 × 1012 cm−2. We further calculate the
ground-state energy EG as a function of the moire´ po-
tential strength V0, finding an excellent fit with a fourth-
order polynomial, see Fig. 2(a). This dependence, as
expected from a perturbation expansion in V (r), proves
that the metallic ground state at V0 = 15 meV (the pa-
rameter for WSe2/WS2) is adiabatically connected to the
homogeneous hole gas without the moire´ potential.
We also compare the energies and charge distributions
of the metallic state at n = 3 with and without Coulomb
interaction. Compared to the non-interacting case, the
charge distribution at  = 6 has less spatial variation,
as expected from the Coulomb energy cost associated
with charge inhomogeneity. These results on renormal-
ized metal serves as a benchmark of our DFT method.
We now turn to the strongly correlated regime of TMD
heterobilayers at large moire´ wavelength and low den-
sity. For aligned WSe2/WS2 with Lm = 8.2 nm, our
spin-dependent DFT calculations reveal that the ground
state at fillings between n = 1.2 and 1.4 is a fully spin-
polarized metal. At a given hole density ρ, our calcula-
tion starts from random initial spin densities n↑(r) and
n↓(r) with average values n¯↑ = n¯↓ = ρ/2. The iteration
of the Kohn–Sham equation (4) always converges to a
fully spin-polarized ground state.
For comparison, when we enforce n↑(r) = n↓(r) every-
where in solving the Kohn–Sham equation, a non-spin-
polarized solution is obtained, but its energy is higher
than the fully polarized state. We further investigate the
possibility of translational symmetry breaking by per-
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FIG. 3: Itinerant ferromagnet at the filling n = 1.3 for
Lm = 8.2 nm and φ = 45
◦. (a) The ground-state energy
per unit cell as a function of the moire´ potential strength V0;
(b) The Fermi surfaces of the non-polarized (blue) and fully-
polarized uniform electron gas (red) at the density of n = 1.3
electrons per unit cell, in comparison with the Brillouin zone
(hexagon). (c) DFT band structure and (d) Real-space charge
distribution of the fully-polarized state.
forming spin-dependent DFT calculations with a 2 × 1
enlarged unit cell. Starting from random initial spin den-
sities, we find that the majority of iterations converge to
the fully-polarized metal described above, while in some
cases a metallic state with spin stripe order is obtained.
Fig.2 shows the filling-dependent ground-state ener-
gies of the fully-polarized state, the spin-density wave
state, and the (enforced) non-magnetic state. Impor-
tantly, within the filling range 1.2 < n < 1.4, the fully-
polarized state is always found to have the lowest en-
ergy, while the non-magnetic state has the highest en-
ergy. Their energy difference, which measures the energy
gain from itinerant ferromagnetism, decreases monoton-
ically as the hole density increases. On the other hand,
at fillings close to 1.2 or 1.4, the fully-polarized state and
the spin-density-wave state become extremely close in en-
ergy, indicating a competition between distinct magnetic
orders. The ferromagnetic ground state is the most sta-
ble around the filling n = 1.3, where its energy per unit
cell is lower than the other states by > 1meV.
To gain insight into the origin of itinerant ferromag-
netism, we calculate and compare the ground-state ener-
gies of fully-polarized (ζ = 1) and non-polarized (ζ = 0)
states at the filling n = 1.3, as a function of the potential
strength V0. Here ξ ≡ (N↑ −N↓)/(N↑ +N↓) denotes the
spin polarization. As shown in Figure 3(a), Eζ=1,0(V0)
fit nicely with fourth-order polynomials, which proves the
adiabatic continuity to the uniform hole gas at V0 = 0,
with full and zero spin polarization respectively.
At V0 = 0, the non-polarized uniform hole gas has a
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FIG. 4: The ground-state energy per unit cell of the fully-
polarized and non-polarized state as a function of the moire´
period, at the filling n = 1.3, V0 = 15 meV, and φ = 45
◦
lower energy. However, due to the large effective mass
and low density (the corresponding interaction parame-
ter is rs = 5.35), its spin susceptibility is strongly en-
hanced by Coulomb interaction, making its energy dif-
ference with the fully-polarized state relatively small. At
the hole density corresponding to the filling n = 1.3, the
Fermi surface in the fully-polarized case lies just slightly
outside the first Brillouin zone (a hexagon), and in the
non-polarized case falls entirely within it, i.e., 2kξ=0F <
G < 2kξ=1F as shown in Fig. 2(d). Since the density wave
susceptibility of a uniform hole gas decreases rapidly at
wavevectors greater than 2kF , the fully-polarized state
exhibits a larger density response to the moire´ potential,
hence lowers its energy faster with increasing potential
strength, and eventually becomes the true ground state
above a critical V0.
The electronic structure and real-space charge distri-
bution of the ferromagnetic (FM) metal at n = 1.3 are
shown in Fig. 1(c) and (d) respectively. The lowest moire´
band, completely filled by spin-polarized holes, give rise
to one s = 1/2 local moment in the AA region of each
moire´ unit cell. The remaining 0.3 holes per unit cell par-
tially occupy the second moire´ band, and are distributed
primarily in the AB region, consistent with the strong-
coupling picture of n − 1 doped holes being transferred
to AB orbitals to avoid double occupancy of AA orbitals
[31]. It is worth emphasizing that in the ferromagnetic
metal we found at n > 1, the (pseudo-)spins of all holes
are aligned, resulting in n pseudospin-1/2 magnetic mo-
ment per moire´ unit cell, whereas the density of mobile
charge carriers is n−1. This behavior cannot be captured
by any single-band Hubbard model, which can accommo-
date at most 2− n spins per unit cell at n > 1.
We further show that itinerant ferromagnetism in
TMD heterobilayers is tunable by increasing the twist an-
gle θ to reduce the moire´ period Lm. A smaller Lm leads
to a larger bandwidth and hence weakens electron corre-
lation. Figure 4 shows the energies of the FM state and
the non-magnetic state as a function of Lm. A quantum
phase transition from the FM state to the non-magnetic
state occurs at Lm ≈ 6.5 nm, or θ ≈ 1.75◦.
We now compare our findings with a recent optical
experiment on hole-doped WSe2/WS2, which observed
Curie-Weiss behavior in the temperature dependence of
the exciton Zeeman splitting. Remarkably, above the fill-
ing n = 1.2, the Weiss constant changes sign from neg-
ative to positive, consistent with a ferromagnetic metal
we found between n = 1.2 and 1.4. To establish ferro-
magnetism in WSe2/WS2, it is desirable to measure the
magnetization as a function of the filling by SQUID. The
reduced density n − 1 of mobile holes in the FM metal
can be measured in Hall and quantum oscillation experi-
ments. The complete removal of spin degeneracy can be
directly tested from the Landau level fan diagram.
At nonzero temperature, thermal fluctuations destroy
long-range FM order in two dimensional systems with
the continuous spin-rotational symmetry. For TMD het-
erobilayers, however, magnetic dipole-dipole interaction
or higher-order valley-contrasting energy dispersion such
as (k3x − 3kxk2y)sz, is expected to result in uniaxial mag-
netic anisotropy and thus stabilize the itinerant ferro-
magnetism at low temperature. If the z direction is the
easy axis, the FM metal has a spontaneous out-of-plane
magnetization, which can be detected by anomalous Hall
effect or magnetic circular dichroism. Alternatively, an
easy-plane anisotropy will lead to an inter-valley coher-
ent state, which is expected to enable superfluid-like spin
transport [42, 43]. Thus, TMD moire´ superlattices pro-
vide a new and highly tunable platform for the study of
fundamental mechanism of itinerant magnetism in two
dimensions, and may enable the design of electrically con-
trollable spintronics devices [44–46].
To summarize, our DFT calculations reveal itinerant
ferromagnetism stabilized by the moire´ potential in a
two-dimensional Coulomb system, the TMD-based moire´
superlattices. This finding, which goes beyond the scope
of single-band Hubbard model, demonstrates the predic-
tive power of our moire´-DFT method targeting directly
low-energy electrons in a coarse-grained moire´ potential.
This method will discover a variety of broken-symmetry
states in TMD heterobilayers at other fillings, thus guid-
ing future experiments. Its capability will be further
extended by improvements in the exchange-correlation
functional to handle Dirac electrons in graphene-based
moire´ systems. We hope that moire´-DFT becomes a use-
ful tool for the investigation of many-electron physics in
all moire´ materials.
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